Even though the patterns appearing in the evolution of two-dimensional cellular automata have been deeply studied, the evolution rules themselves have not received the same amount of attention. In the present paper, the evolution rules of totalistic and outer totalistic two-dimensional cellular automata for a set of neighborhood templates have been expressed in terms of the iota-delta function. Additionally, the idea of iota-delta function bases for the rule space of two-dimensional cellular automata evolution is introduced. By means of suitable bases, every two-dimensional cellular automaton can have its evolution rule described in terms of the iota-delta function. This approach enables investigating the evolution rules as mathematical functions and the evolution itself as a function composition process.
Introduction
By definition, a cellular automaton (CA) consists of a neighborhood template N, a state space S, and a state transition function f that updates the state space [1, 2] .
One of the most studied topics in CA theory is the behavior of the state space. For example, the patterns generated by the evolution of a CA such as Conway's Game of Life [3] have been deeply studied and classified as gliders, beehives, loafs, and so on.
The evolution rules, on the other hand, tend to receive less attention in the process; that is, the state transition functions are taken into account in order to implement the CA, but no deep analysis has been performed on them.
By drawing a parallel between discrete and continuous dynamical systems, the state transition functions of the former correspond to the y p partial differential equations of the latter. It is widely known that the partial differential equations that govern a given phenomenon carry important information about continuous dynamical systems. In fact, the presence of first-and higher-order derivatives is often related to advective and dispersive phenomena, respectively.
In order to represent the state transition functions, several approaches have been proposed, namely: lookup tables [1] , Boolean algebra [1] , algebraic equations [1] , and genetic algorithms [4] . It is clear that in order to proceed to a rigorous mathematical treatment of the evolution rules, it is of interest that the state transition functions are in fact mathematical functions.
Using Boolean algebra is interesting for dealing with one-dimensional binary systems. As the number of dimensions grows, the Boolean expressions tend to become highly intricate, ultimately preventing a full mathematical analysis. Algebraic equations, on the other hand, are of great interest but can only be assigned to a few CAs. A recent paper [5] introduced a new special function, called the iota-delta function, that is able to straightforwardly present the state transition functions of CAs. It is shown in [5] that every elementary CA can have its evolution rules represented in terms of the iota-delta function.
In the present paper, the propositions from [5] are further developed in order to represent not only the state transition function of every elementary CA but also every two-dimensional CA. This way, it is possible to establish a solid mathematical framework for the study of evolution rules.
Section 2 discusses the iota-delta function.
The Iota-Delta Function
Let the iota-delta function be defined as follows [5] :
m ¥ j; m, n oe ! + ; x oe "; j ! p @nD + 1;
in which mod@o, pD denotes the modulus operator, which gives the rest of the division of o by p if o is greater than p or o itself; otherwise, m and n are parameters of the iota-delta function, p m is the m th prime number, and p @nD stands for the prime counting function that gives the number of primes less than or equal to n. Note that it is considered that p 1 ! 2. The value of n determines how many states the automata generated have. Thus, for binary automata n ! 2, for ternary ones n ! 3, for quaternary ones n ! 4, and so on. Also, the y q y iota-delta function is taken to be non-negative and max @id n m @xDD Ø n when x oe # [5] . The iota-delta function is periodic with a period length of p m .
The Iota-Delta Function and Elementary Cellular Automata
As stated in Section 1, it has been shown in [5] that every elementary CA can be represented by the following evolution rule:
in which the coefficients are a j ! 8r r § p m -1; r oe ! + < and j ! 1, 2, 3, 4. In the case of elementary CAs, the minimum value of m that enables expressing every rule is m ! 5; that is, id 2 5 @xD ! mod@mod@mod@mod@mod@x, 11D, 7D, 5D, 3D, 2D. Also, the inferior and superior indexes k and i, respectively, are related to the position of the cell in the bidimensional (space and time) state space of the!CA.
Each elementary CA has a set of tuples 8a 1 , a 2 , a 3 , a 4 < that characterizes it. A complete list of tuples can be found in [5] . For example, the well-known rule 30 can be described by this simple updating rule! [5] :
Sections 3 through 5 develop the framework for obtaining the evolution rules of two-dimensional CAs.
The Iota-Delta Function and Totalistic Two-Dimensional Cellular Automata
The philosophy behind using the iota-delta function for representing any evolution rule is recognizing which variables are important for determining the value of a given cell. For example, in the case of elementary CAs, the value of a given cell depends on the value of its immediate left and right neighbors and the value of the cell itself in the current step. This elementary case shows that three variables determine the value of the cell of interest in the next step. This way, the iota-delta function representation given in [5] and reproduced in equation (2) fits the need. It is worth noticing that besides the coefficients multiplying each variable, a fourth coefficient is added to enable representing odd rules (rule parity is determined by the output of the transformation when the three cells are 0).
Given these first thoughts about the iota-delta representation of evolution rules, it is necessary to investigate on which variables the y g values of the cells of interest depend. In the case of CAs, the number of variables is deeply related to the neighborhood template considered. Also, the type of rule is of interest (totalistic, outer totalistic, ordinary, etc.). In the present paper, at first, special attention is given to totalistic and outer totalistic CAs. Following that, ordinary twodimensional CAs are taken into account.
Totalistic CAs are, by definition, CAs in which the value of a given cell in the next time step is uniquely determined by the sum of the cells in its neighborhood template, including in the sum the cell itself [1] . This shows that, despite the number of cells in the neighborhood, the value of a given cell in the next time step is dependent on a single variable.
In Sections 3.1 and 3.2, every evolution rule of totalistic twodimensional CAs for a set of neighborhood templates is shown to be expressible in terms of the iota-delta function.
Two-Dimensional Totalistic Cellular Automata with the Neumann Neighborhood
Consider the neighborhood template known as the Neumann neighborhood, graphically shown in Figure 1 . As discussed, an appropriate iota-delta evolution rule for a two-dimensional totalistic CA is of the type:
in which j is the additional spatial dimension and s is the sum of the neighborhood cells and the cell of interest itself. In the case of a Neumann neighborhood template, the sum goes from 0 to 5. This makes a total of 2 6 totalistic rules in a Neumann neighborhood template. Each of these rules can be numbered following the scheme proposed in [1] , in which the outputs of the transformation correspond to a coefficient in the binary decomposition of the rule number (abbreviated as RN in the tables). Table 1 shows the value of m, a 1 , and a 2 as in equation (4) 
Two-Dimensional Totalistic Cellular Automata with the Moore Neighborhood
Consider now the neighborhood template known as the Moore neighborhood, graphically shown in Figure 1 . As in the case of a Neumann neighborhood, equation (4) is also applicable. In the case of a Moore neighborhood, on the other hand, s goes from 0 to 9, making a total of 2 10 totalistic rules. The same numbering scheme described in Section 3.1 can be applied. Table 2 gives the values of m, a 1 , and a 2 as in equation (4) for every two-dimensional totalistic CA with the Moore neighborhood. It is worth noting that the values of m, a 1 , and a 2 in the tables are the first ones that allow representing the evolution of the indicated CA rules in terms of equation (4) . In this sense, the values in the tables are the smallest values that allow such a representation. Table 2 . Iota-delta tuples 8m, a 1 , a 2 < for totalistic CAs with the Neumann neighborhood: first part.
The Iota-Delta Function and Outer Totalistic Two-Dimensional Cellular Automata
On the other hand, by definition, outer totalistic CAs uniquely determine the value of a given cell in the next time step by the cell's value and the sum of the cells in its neighborhood template, excluding from the sum the cell itself [1] . This way, as in the case of totalistic CAs, the number of cells in the neighborhood template is not important since the value of a given cell in the next time step is dependent on only two variables, namely: the value of the cell itself and the sum of its neighbors. This way, the iota-delta evolution rule is of the form:
in which s is the value of the sum of the neighbors of the cell of interest, excluding the value of the latter (C k, j i ). An equation of the form of equation (5) is applicable to every outer totalistic two-dimensional CA with any type of neighborhood template. In the case of a Neumann neighborhood, a total of 2 10 outer totalistic rules are available. On the other hand, for a Moore neighborhood, an astronomical 2 18 different rules exist. Since the complete lists of iota-delta representations of totalistic two-dimensional CAs with both Neumann and Moore neighborhoods have been presented, the lists concerning outer totalistic rules are omitted. Section 5 shows that by knowing the iotadelta representations of a totalistic CA, the rules for outer totalistic representations easily follow. Even though the complete list of outer totalistic rules is suppressed, one of the most famous two-dimensional CAs of this class is discussed in Section 4.1: the Game of Life [3] . By means of equation (5), the Game of Life CA (rule 224 following the numbering system defined in [1] ) has its evolution rule described g y in terms of the iota-delta function as:
Despite the apparent simplicity of equation (6), applying it to a two-dimensional lattice causes the well-known Game of Life patterns to emerge. Section 5 introduces the concept that the iota-delta function is a basis for two-dimensional CA transition rule space.
The Iota-Delta Function as a Basis for Two-Dimensional Cellular Automata
In order to better understand this section, consider the possible inputs and outputs of the evolution of a two-dimensional totalistic CA with a Neumann neighborhood, as given in Table 3 .
Outputs It is clear from Table 3 that the number of a given rule is simply given as:
As a special case, consider the inputs and outputs of the evolution of the rules 2 q , q ! 0, 1, … , 5, as in Table 4 . Table 4 . Inputs and outputs of the 2 q , q ! 0, 1, … , 5, evolution rules of totalistic CAs with a Neumann neighborhood.
From Table 4 it is possible to notice that each of the rules described has a unitary output for only one of the given input states. This way, the iota-delta representation of the evolution of each rule in Table 4 has the property of a unitary Lagrange polynomial, which is 1 in a given point and 0 in others.
Unitary Lagrange polynomials are the basis for interpolating polynomials; that is, by means of linearly combining the unitary Lagrange polynomials, every interpolating polynomial for a given set of data is obtained.
By drawing a parallel between interpolating polynomials and CA evolution rules, then every evolution rule can be expressed as a combination of the iota-delta bases. The iota-delta bases are, on the other hand, the iota-delta representation of the evolution of rules 2 q , q ! 0, 1, … , T, in which T is the total number of inputs. Mathematically, let b be a vector whose components are the outputs of the evolution rule. Also, let id be the vector whose components are the basis evolution rules. Thus, every evolution rule (ER in the equations) is the projection of id over b (dot product). This result is easily expressed as:
in which Q is the number of variables on which the evolution rule depends. In the case of totalistic CAs, Q ! 1. On the other hand, for outer totalistic CAs Q ! 2, and for elementary CAs Q ! 3. Also, n j is the j th variable on which the evolution rule depends, j ! 1, … , Q. Finally, a q,j is the coefficient of the j th variable on which the iota-delta evolution rule of rule 2 q depends, q ! 0, 1, … , T.
In order to illustrate the applicability of the methodology described, two extended neighborhood templates are considered in Sections 5.1 and 5.2.
Iota-Delta Bases for Two-Dimensional Cellular Automata with Extended Neumann and Moore Neighborhoods
Consider Figure 1 , in which both extended Neumann and Moore neighborhoods are presented.
The s values range from 0 to 13 and from 0 to 25 for extended Neumann and Moore neighborhoods, respectively. This means we have to find 14 and 26 iota-delta bases for each, respectively. Table 5 shows the coefficients for obtaining the bases for both extended Neumann and Moore neighborhoods. The values in Table 5 can be inserted in equation (8) in order to provide every totalistic two-dimensional CA with both extended Neumann and Moore neighborhoods. Also, let T 1 be the number of inputs for a given CA. Now, let T 2 be the number of inputs for another given CA with the same number of variables (Q 1 ! Q 2 ). Thus, if T 2 ¥ T 1 , then the first T 1 bases of the second CA can also be used as bases for the first one. This follows from the Lagrange polynomial property of the iota-delta bases.
Iota-Delta Bases for Two-Dimensional Outer Totalistic Cellular Automata from Bases for Totalistic Ones
We now wonder whether or not bases for totalistic CAs can be used to obtain outer totalistic CAs. In fact, this can be easily accomplished by considering the evolution rule of the outer totalistic CA as the sum of two evolution rules for totalistic CAs. Each of the totalistic rules corresponds to a hypothetical rule in which the cell value C k, j i is kept constant. Mathematically, the outer totalistic rule is given as: plate has been taken out of the summation, each of the remaining evolution rules turns out to have only T -1 input values. Also, based on the fact that bases for CAs with more inputs than a given one can be used as bases for the latter, the totalistic bases suit the need.
As an example, consider the Game of Life evolution rule. It has been shown that such an evolution rule is expressible as in equation!(6). On the other hand, consider Table 6 , in which the outer totalistic rule is separated into two totalistic rules. By means of Table 6 , it is easily seen that the Game of Life is a combination of rules 8 and 12. Rule 8 is a basis itself. Rule 12, on the other hand, is the combination of two bases, namely: the basis concerning rule 4 and that concerning rule 8. Thus, by means of equation!(9) and Table 2 , the evolution of the Game of Life CA is given as: The given procedure can be extended to every other two-dimensional CA by finding the bases of such a space. Thus, any two-dimensional CA can be evolved by means of an iota-delta rule.
Conclusions
In the last half century, cellular automata (CAs) have been deeply studied by the scientific community. In general, researchers have been worried about the patterns produced by a given CA rule. The latter were taken into account only to implement the former, but not as a true information source about the phenomena simulated. In continuous dynamical systems, partial differential equations are the evolution rules and also carry important information about the phenomena under study.
In the present paper, the iota-delta function has been used to express the evolution rules of two-dimensional totalistic and outer total-p istic CAs with a set of neighborhood templates. Also, the concept of iota-delta bases for the evolution rules space has been introduced. This latter concept enables representing every two-dimensional CA in terms of suitable iota-delta bases.
